ストークス モンダイ ニ オケル サイテキ ケイジョウ モンダイ ト カンド カイセキ オ モチイタ ユウゲン ヨウソホウ カイセキガク ニ オケル モンダイ ノ ケイサンキ ニヨル カイホウ by 海津, 聰
Titleストークス問題における最適形状問題と感度解析を用いた有限要素法(解析学における問題の計算機による解法)
Author(s)海津, 聰









. , , 1
,






$\Omega^{*}$ (Haslinger et al. [14] 5 ,







, B. Mohammadi and O. Pironneau
([19], $P\cdot 126,$ $(5.1)$ )










1566 2007 158-169 158
2
$\omega^{\epsilon},$ $D(\subset R^{d},\omega^{\epsilon}\subset\overline{\omega}^{\epsilon}\subset D, d=2,3)$ . $\epsilon$
, . $w^{\epsilon}$ $|\omega^{\epsilon}|$ ,
$|w^{\epsilon}|=const$ . (2.1)
. $\Omega^{\epsilon}=D\backslash w<$ . $\mathcal{U}^{ad}$ .
$\mathcal{U}^{ad}=$ { $\Omega^{\epsilon}|C^{0,1}$ }
$\Omega^{\epsilon}$ $\partial\Omega^{\epsilon}$ $\partial\Omega^{\epsilon}=\Gamma\cup\gamma^{\epsilon}$ . $\Gamma=\partial D$,
$f=\partial w^{\epsilon}$ . $D$ $U\in H^{3}(D)$ . $\Omega^{\epsilon}$
$u^{\epsilon}$
$P^{\epsilon}$ . . $BV(\Omega^{\epsilon})$
$\{\begin{array}{l}-\Delta u^{\epsilon}+gradp^{\epsilon}=0\Omega^{\epsilon}divu=0\Omega^{\epsilon}u^{\epsilon}=0\gamma^{\epsilon}u^{e}=U\Gamma\end{array}$ (2.2)
$\Omega^{0}\in \mathcal{U}^{ad}$ , $\Omega^{0}$ $\Omega^{\epsilon}$
. $U^{ad}$ .
$U^{ad}=\{\rho\in\{C^{0,1}\}^{d}|\Vert\rho\Vert_{0,1}\leq\delta\}$
$\rho>0$ , $\Vert\cdot\Vert_{0,1}$ .
$\Vert\rho\Vert_{0,1}=\Vert\rho\Vert_{0}+|\rho|_{1}$ ,
$\Vert\rho\Vert_{0}=\max\{|\rho(x)|\forall x\in D\}$ ,
$| \rho|_{1}=\sup\{\frac{|\rho(x)-\rho(y)|}{|x-y|}|\forall x,y\in D,x\neq y\}$ ,








$\rho\in U^{ad}$ $\Omega^{\epsilon}$ $J(\Omega^{\epsilon})$ (
) . $j(\epsilon)=J(\Omega^{\epsilon})$ . $U^{ad}\subset X=\{H^{1}(D)\}^{d}\}$ .
$X$ $X’$ . $\Omega^{0}$ , $U$ $g(\cdot)$
.
$\Omega^{0}$ $C^{2,1}$ , (3.1)
$U\in\{H^{3/2}(r)\}^{d}$ , (32)
$g\in C^{2}(R)$ (3.3)
(3.1), (3.2) $u\in H^{3}(\Omega^{0})$ , (3.3) , $g_{u}(u)\in$
$H^{1}(\Omega^{0}$ . $\nu$ $\gamma=\gamma^{0}$ .
$u=u^{0},p=p^{0}$ . $BV(\Omega^{0})$ . $BV^{*}\Omega^{0}$):
$\{u^{*},p^{*}\}\in\{H_{0}^{1}(\Omega)\}^{d}xL^{2}(\Omega^{0})$ .
$\{\begin{array}{ll}- Au’ -gradp^{*}=g_{u}(u) in \Omega^{0},div u^{*}=0 in \Omega^{0}, u^{*}=0 on \Gamma\cup\gamma^{0}. \end{array}$ (3.4)
[17] .
Proposition 1 (3.1), (3.2), (3.3) $G\in X’$ ,
.










. $j_{1}(\epsilon)-j_{1}(0)<0$ . $j_{2}(\epsilon)-j_{2}(0)\leq 0$
$\rho_{2}\in U^{ad}$







. $TR(\Omega^{0})$ : $\{\rho_{G},r_{G}\}\in X\cross L_{0}^{2}(\Omega)$
.
$\{\begin{array}{ll}-\Delta\rho_{G}+\rho_{G}+gradr_{G}=0 in \Omega^{0},div \rho_{G}=0 in \Omega^{0}, \partial_{\nu}\rho_{G}=-G on \gamma^{0}, \rho_{G}=0 on \Gamma. \end{array}$ (4.2)










$\{u_{h},p_{h}\}$ , (b) (3.4) $\{u_{\hslash}^{*},p_{h}\}$
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$\{\rho_{G_{h}}, r_{G_{h}}\}$ . $\rho_{G_{h}}$ $\epsilon>0$
$\Omega^{\epsilon}$ .
(c) (3.5) $\rho_{G}$ $\beta G,h$
$\Vert\rho_{G,h}-\rho_{G}\Vert x$ , $0<\alpha\leq 1$ $\alpha$ , (a),(b)
2 , $\{u_{h},p_{h}\},$ $\{u_{h}^{*},p_{h}^{*}\}$
2 .






$K$ $h_{K}$ , $r_{K}$ , $h= \max_{K}h_{K}arrow 0$ ,
lim $sup\max\underline{h_{K}}<\infty$ (5.1)






(2.2), (3.4) Crouzeix and Raviart 2
(EXAMPLE 2 in [10]). $V$ V $=\{W_{h},0\}^{2}$ ,
$W_{h,0}=\{v_{h}\in W_{h}|v_{h}|_{\Gamma_{h}\cup\gamma_{h}^{0}}=0\}$,
$W_{h}= \{v_{h}\in C(\prod_{h})|\forall K\in \mathcal{T}_{h}, v_{h}|_{K}\in P_{K}\}$ . a $k$
, $P_{K}$ $P_{2}$ $P_{K}\subset C^{1}(K)$ ,
. $K$
$\{\lambda_{1}, \lambda_{2}, \lambda_{3}\}$ .







Remark 1 $\Omega_{h}$ $\Gamma_{h}\cup\gamma_{h}^{0}$ $\Omega^{0}$
$\Gamma\cup\gamma^{0}$ . ,
$X_{h}$ } $V_{h}\not\subset V,$ $X_{h}\not\subset X$ .
.
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Remark 2 , $V_{h},$ $X_{h}$
. $u,p,$ $u^{*},p^{*},$ $\rho_{G}$ . $\Omega^{0}$
, $H^{m}(\Omega^{0})$ $u,p,$ $u^{*},p^{*}$ $R^{d}$




$V_{h}$ $C(\Omega_{h})$ . $V_{h}$ $\{H^{1}(\Omega_{h})\}^{d}$
$v_{h}(\in V_{h})$ $\Vert v_{h}\Vert v_{h}$ $\{H^{1}(\Omega_{h})\}^{d}$ . $p$
$Q_{h}=\{q_{h}|\forall K\in \mathcal{T}_{h}, q_{h}|_{K}\in P_{1}\}$ (5.5)
. inf-sup ([2, 6, 10]):
$hi\min_{0}ff\sup\frac{\int_{\Omega^{h}}q_{h}divv_{h}dx}{\Vert gradv_{h}\Vert\Vert q_{h}\Vert}>0O^{\dot{i}}h\ni qh\neq 0_{V_{h}\ni v_{h}\neq 0}$ (5.6)
$1=\hat{u}^{\epsilon}+U$ . $u=u^{0},\hat{u}=\hat{u}^{0}$ .
(2.2) , $u_{h}=\hat{u}_{h}+\overline{U}$ .
$\{\begin{array}{ll}(grd \hat{u}_{h}, grad v_{h}) -(p , div v_{h})=-( grad\nabla, grad v_{h}) \forall v_{h}\in V_{h},( q_{h}, div \hat{u}_{h}) =-( q_{h}, di U) \forall q_{h}\in Q_{h},\end{array}$ (5.7)
(3.4) .
$\{\begin{array}{ll}(gradu_{h}^{*},grad v_{h})+(p_{h}^{*},divv_{\hslash})=(g_{u}(u),v_{h}) \forall v_{h}\in V_{h},(divu_{\hslash}^{*},q_{h})= \forall q_{h}\in Q_{h}.\end{array}$ (5.8)
$\mathcal{T}_{h}$ . (c) (4.2) $\rho_{G}$
$\rho_{G,h}$ Crouzeix-Raviart




$Z_{h}= \{v_{h}\in C(\prod^{0})|\forall K,v_{h}|_{K}\in P_{K}\}$, $P_{K}$
$P_{K}=hul1\{\lambda_{1}, \lambda_{2},\lambda_{3},\lambda_{1}\lambda_{2}\lambda_{3}\}$ . (5.10)
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$X_{h}$ $X_{h}\subset\{H^{1}(\Omega_{h})\}^{d}$ , $v_{h}(\in X_{h})$
$\Vert v_{h}\Vert x_{h}$ $\{H^{1}(\Omega_{h})\}^{d}$ ( $X_{h}\not\subset X=\{H^{1}(\Omega^{0})\}^{d}$
). $X_{h}$ , $Q$ $M_{h}$ (Example
711 (a) in [6] ).
$M_{h}=\{q_{h}\in C(\Pi^{0})|\forall K,q_{h}|_{K}\in P_{1}\}$ . (5.11)
inf-sup :
$1 \min_{harrow 0}^{\cdot}f\inf_{M_{h}\ni q_{h}i0}\sup_{x_{h\ni v_{h}\neq 0}}\frac{\int_{\Omega^{h}}q_{h}divv_{h}dx}{||gradv_{h}\Vert\Vert q_{h}||}>0$. (5.12)
$l_{G}(v_{h})=-(g(u_{h})+\partial_{\nu_{\hslash}}u_{h}\partial_{\nu_{\hslash}}u_{h}^{*},v_{h}\rangle_{\gamma_{\hslash}}$
. (4.3) .
$\{\begin{array}{ll}(grad\rho_{G,h},gradv_{h})-(r_{G,h}, divv_{h}).=l_{G}(v_{h}) \forall v_{h}\in V_{h},(q_{h},div\rho_{G,h})=0 \forall q_{h}\in M_{h}. \end{array}$ (5.13)
.
Theorem 1 (5.7) $\{u_{h},p_{h}\}(\in\wedge V_{h}xQ_{h})$, (5.8) $\{u_{h}^{*},p_{h}^{*}\}(\in$
$V_{h}xQ_{h})$ , (5.13) $\{\rho_{G,h},r_{G,h}\}(\in X_{h}xM_{h})$ .




$\tau_{0},1$ $\tau_{1}$ . $\gamma_{h}^{0}$
$C^{0,1}$ , $H^{1}(\Omega_{h})$ $L^{2}(\gamma_{\hslash})$ $\tau_{0}^{h}(v_{h})=v|_{\gamma_{h}^{0}}$




, $K\cap\gamma_{h}$ $\tau_{0,K}$ : $K\cap\Gamma^{h}\downarrowarrow L^{2}(K\cap\Gamma^{h})$
( 1 ). (6.4) 1
.
1 $C$ , $h,$ $\forall K\in \mathcal{T}_{h}$ .
$|| \tau_{0,K}^{h}(\partial_{j}v)||_{L^{2}(\partial K\cap\Gamma^{h})}\leq C\frac{||\partial_{j}v||_{H^{1}(K)}}{\sqrt{h}}$. (6.2)
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1 (6.4) $\tau_{1}^{h}$ .
.
1 $\alpha$ . , $W^{1,2;h}(\Omega^{h})$
$\{v_{h}\in H^{1}(\Omega_{h})|\forall\alpha,$ $|\alpha|=2,$ $\forall K\in \mathcal{T}_{h}$
$D^{\alpha}v_{h}\in H^{2}(K),\forall K\in \mathcal{T}_{h}\}$ ,
(6.3)
$L^{2}(\gamma_{h}^{0})$ $\tau_{0}^{h},\tau e$ .
$\tau_{0}^{h}$ : $W^{1,2;h}(\Omega_{h})\ni v_{h}\succ\nu$ $\{\tau_{0}^{h}v_{h}|_{K\cap\Gamma_{h}},K\cap\gamma_{h}^{0}$
$\neq\emptyset\}$







2( ) (5.1) $C$ , $h,$ $\forall K\in \mathcal{T}_{h}$ ,
$\forall\alpha,$ $|\alpha|=2,$ $\forall v_{h}\in V_{h}$ .
$\Vert D^{\alpha}v_{h}\Vert_{L^{2}(K)}\leq C\frac{|v_{h}|_{1,K}}{h}$ . (6.6)
$W^{1,2_{j}h}(\Omega^{h})\supset V_{h},X_{h}$ . $m=0,1$ (6.2)
, $C$ $\tau_{m}^{h}$
.





, $k$ . , $\forall p\in P_{k}$ $\Pi_{K}p=p$
$\Pi_{K}:H^{k+1}(K)\ni v$ $\vdasharrow\Pi_{K}v\in P_{K}$ , ( )
([8]).
3 $V_{h},$ $X_{h}$ , $\pi_{h}$
. (5.1) $C$ , $h,$ $\forall v\in H^{k+1}(\Omega^{h})$
.
$|v-\pi_{h}v|_{j}\leq Ch^{k+1arrow}|v|_{k+1}$ . (6.8)
$0\leq i\leq k=2,$ $X_{h}$ $0\leq j\leq$
$k=1$ .
(2.2), (3.4) , (4.2)
.
([1], ;Remark 3.8 in [91). $\Vert\cdot\Vert_{k}$ $H^{k}(\Omega^{0})$
.
Theorem 2 $m$ , .
$\Omega^{0}$ $C^{m+1,1}$ . (6.9)
.
(a) (2.2), (3.4) $C$ ,
$F\in H^{m+2}(\Omega^{0})$ , $U\in V$ $P\in Q$
. $U\in H^{m+2}(\Omega^{0}),$ $P\in H^{m+1}(\Omega^{0})$ ,
$\Vert U\Vert_{m+2}+\Vert P\Vert_{m+1}$
(6.10)
$\leq C(\Vert F\Vert_{m}+\Vert U\Vert_{1}+\Vert P\Vert_{0})$.
(b) (4.2) $C$ , $\Gamma^{0}$
$\eta\in H^{m+1/2}(\Gamma^{0})$ $U\in X$ $P\in Q$
. $U\in H^{m+2}(\Omega^{0}),$ $P\in H^{m+1}(\Omega^{0})$ ,
$\Vert U\Vert_{m+2}+\Vert P\Vert_{m+1}$
(6.11)
$\leq C(\Vert\eta\Vert_{m+1/2,\Gamma^{0}}+\Vert U\Vert_{1}+\Vert P\Vert_{0})$.
7
. $V_{h},$ $X_{h}$ 3
.
$\overline{v}=\{\begin{array}{ll}\pi_{h}v\in V_{h},v\in\{H_{0}^{k+1}(\Omega^{0})\}^{2}, k=2,\Pi_{h}v\in X_{h},v\in\{H^{k+1}(\Omega^{0})\}^{2}, k=1\end{array}$
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3 $V,$ $X$ $Q_{h},$ $M_{h}$
, . $Q_{\hslash},$ $M_{\hslash}$
$\pi_{h}$ $\Pi_{h}$
.
$=\{\begin{array}{ll}\pi_{h}q\in Q_{h},q\in\{H^{k+1}(\Omega^{0})\}^{2}, k=1,\Pi_{h}q\in M_{h},q\in\{H^{k+1}(\Omega^{0})\}^{2}, k=0.\end{array}$
,
.
Theorem 3 (3.1), (3.2), (3.3) .
$C$ .
$\{\begin{array}{l}|u_{h}-\varpi|_{j}+|p_{h}-\overline{p}|_{j-1}\leq Ch^{3-j},j=0,1|u_{h}^{*}-\overline{u}|_{j}+|r_{h}-\Gamma|_{j-1}\leq C3-jj=0,1\end{array}$ (71)
1 3 $C$ .
$\Vert\tau_{1}^{\hslash}(u_{h}-u_{h}^{*})\Vert_{L^{2}(\prime\gamma_{\hslash}^{0})}+||\tau_{0}^{h}(p_{h}-p_{h}^{*})||_{L^{2}(\gamma_{h}^{0})}\leq Ch^{1/2}$,
(7.2)
$\Vert r_{1}^{h}(\overline{\phi}_{h}-arrow\phi)||_{L^{2}(\gamma_{h}^{0})}+\Vert\tau_{0}^{h}(\overline{\psi}_{h}-arrow\psi_{h})\Vert_{L^{3}(\gamma_{l\iota}^{O})}\leq Ch^{1/2}$ .
Theorem 4 3 $C$ .
$\Vert G_{h}-\partial||_{L^{2}(\Gamma^{h})}\leq Ch^{1/2}$ ,
(7.3)
$\Vert\rho_{G,h}-\overline{\rho}_{G}\Vert_{X_{h}}\leq Ch^{1/2}$ .
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